We perform a Dalitz plot analysis of about 100, 000 D 
I. INTRODUCTION
Scalar mesons are still a puzzle in light meson spectroscopy. New claims for the existence of broad states close to threshold such as κ(800) [1] and f 0 (600) [2] , have reopened discussion about the composition of the ground state J P C = 0 ++ nonet, and about the possibility that states such as the a 0 (980) or f 0 (980) may be 4-quark states, due to their proximity to the KK threshold [3] . This hypothesis can be tested only through accurate mea-surements of the branching fractions and the couplings to different final states. It is therefore important to have precise information on the structure of the ππ and KK S-waves. In this context, D + s mesons can shed light on the structure of the scalar amplitude coupled to ss. The ππ S-wave has been already extracted from BABAR data in a Dalitz plot analysis of D + s → π + π − π + [4] . The understanding of the KK S-wave is also of great importance for the precise measurement of CP -violation in B s oscillations using B s → J/ψ φ [5, 6] .
This paper focuses on the study of D + s meson decay to K + K − π + [7] . Dalitz plot analyses of this decay mode have been performed by the E687 and CLEO collaborations using 700 events [8] , and 14400 events [9] respectively. The present analysis is performed using about 100, 000 events.
The decay D + s → φπ + is frequently used in particle physics as the reference mode for D + s decay. Previous measurements of this decay mode did not, however, account for the presence of the KK S-wave underneath the φ peak. Therefore, as part of the present analysis, we obtain a precise measurement of the branching fraction
. Singly Cabibbo-suppressed (SCS) and doubly Cabibbo-suppressed (DCS) decays play an important role in studies of charmed hadron dynamics. The naive expectations for the rates of SCS and DCS decays are of the order of tan 2 θ C and tan 4 θ C , respectively, where θ C is the Cabibbo mixing angle. These rates correspond to about 5.3% and 0.28% relative to their Cabibbo-favored (CF) counterpart. Due to the limited statistics in past experiments, branching fraction measurements of DCS decays have been affected by large statistical uncertainties [10] . A precise measurement of
has been recently performed by the Belle experiment [11] .
In this paper we study the D + s decay
and perform a detailed Dalitz plot analysis. We then measure the branching ratios of the SCS decay
and the DCS decay
relative to the CF channel (1) . The paper is organized as follows. Section II briefly describes the BABAR detector, while Sec. III gives details of event reconstruction. Section IV is devoted to the evaluation of the selection efficiency. Section V describes a partial wave analysis of the 
II. THE BABAR DETECTOR AND DATASET
The data sample used in this analysis corresponds to an integrated luminosity of 384 fb −1 recorded with the BABAR detector at the SLAC PEP-II collider, operated at center-of-mass (c.m.) energies near the Υ (4S) resonance. The BABAR detector is described in detail elsewhere [12] . The following is a brief summary of the components important to this analysis. Charged particle tracks are detected, and their momenta measured, by a combination of a cylindrical drift chamber (DCH) and a silicon vertex tracker (SVT), both operating within a 1.5 T solenoidal magnetic field. Photon energies are measured with a CsI(Tl) electromagnetic calorimeter (EMC). Information from a ring-imaging Cherenkov detector (DIRC), and specific energy-loss measurements in the SVT and DCH, are used to identify charged kaon and pion candidates.
III. EVENT SELECTION AND D
+ s → K + K − π +
RECONSTRUCTION
Events corresponding to the three-body D
+ decay are reconstructed from the data sample having at least three reconstructed charged tracks with net charge ± 1. We require that the invariant mass of the K + K − π + system lie within the mass interval [1.9-2.05] GeV/c 2 . Particle identification is applied to the three tracks, and the presence of two kaons is required. The efficiency that a kaon is identified is 90% while the rate that a kaon is misidentified as a pion is 2%. The three tracks are required to originate from a common vertex, and the χ 2 fit probability (P 1 ) must be greater than 0.1%. We also perform a separate kinematic fit in which the D + s mass is constrained to its known value [10] . This latter fit will be used only in the Dalitz plot analysis.
In order to help in the discrimination of signal from background, an additional fit is performed, constraining the three tracks to originate from the e + e − luminous region (beam spot). The χ 2 probability of this fit, labeled as P 2 , is expected to be large for most of the background events, when all tracks originate from the luminous region, and small for the D + s signal, due to the measurable flight distance of the latter.
The decay
is used to select a subset of event candidates in order to reduce combinatorial background. The photon is required to have released an energy of at least 100 MeV into the EMC. We define the variable
and require it to be within ±2σ D Fig. 2 2 ) . The number of signal events in this region (Signal), and the corresponding purity (defined as Signal/(Signal+Background)), are given in Table I . 
For events in the D
, we obtain the Dalitz plot shown in Fig. 2 
in the vicinity of the φ(1020). A strong K * (892) 0 signal can also be seen in the K − π + system, but there is no evidence of structure in the K + π + mass.
IV. EFFICIENCY
The selection efficiency for each D + s decay mode analyzed is determined from a sample of Monte Carlo (MC) events in which the D + s decay is generated according to phase space (i.e. such that the Dalitz plot is uniformly populated). The generated events are passed through a detector simulation based on the Geant4 toolkit [14] , and subjected to the same reconstruction and event selection procedure as that applied to the data. The distribution of the selected events in each Dalitz plot is then used to determine the reconstruction efficiency. The MC samples used to compute these efficiencies consist of 4.2 ×10
6 generated events for D
, the efficiency distribution is fitted to a third-order polynomial in two dimensions using the expression:
, and y ′ = y − 1.25. Coefficients consistent with zero have been omitted. We obtain a good description of the efficiency with χ 2 /N DF = 1133/(1147 − 7) = 0.994 (N DF = Number of Degrees of Freedom). The efficiency is found to be almost uniform in K − π + and K + K − mass, with an average value of ≈ 3.3% (Fig. 3 ).
V. PARTIAL WAVE ANALYSIS OF THE
In the K + K − threshold region both a 0 (980) and f 0 (980) can be present, and both resonances have very similar parameters which suffer from large uncertainties. In this section we obtain model-independent information on the K + K − S-wave by performing a partial wave analysis in the K + K − threshold region. Let N be the number of events for a given mass interval
We write the corresponding angular distribution in terms of the appropriate spherical harmonic functions as
where L = 2ℓ max , and ℓ max is the maximum orbital angular momentum quantum number required to describe the
g. ℓ max = 1 for an S-, P-wave description); θ is the angle between the K + direction in the K + K − rest frame and the prior direction of the
The normalizations are such that
and it is assumed that the distribution dN d cos θ has been efficiency-corrected and background-subtracted.
Using this orthogonality condition, the coefficients in the expansion are obtained from: where the integral is given, to a good approximation, by
, where θ n is the value of θ for the n-th event. The number of events N for the mass interval I can be expressed also in terms of the partial-wave amplitudes describing the K + K − system. Assuming that only S-and P-wave amplitudes are necessary in this limited region, we can write:
By comparing Eq. (7) and Eq. (10) [15] , we obtain:
where φ SP = φ S − φ P is the phase difference between the S-and P-wave amplitudes. These equations relate the interference between the S-wave (f 0 (980), and/or a 0 (980), and/or nonresonant) and the P-wave (φ(1020)) to the prominent structure in Y 0 1 ( Fig. 4(b) ). The Y 0 1 distribution shows the same behavior as for D (Fig. 4(c) ), on the other hand, is consistent with the φ(1020) lineshape.
The above system of equations can be solved in each interval of K + K − invariant mass for |S|, |P|, and φ SP , and the resulting distributions are shown in Fig. 5 . We ob-serve a threshold enhancement in the S-wave (Fig. 5(a) ), and the expected φ(1020) Breit-Wigner (BW) in the Pwave (Fig. 5(b) ). We also observe the expected S-P relative phase motion in the φ(1020) region (Fig. 5(c) ).
A. P-wave/S-wave ratio in the φ(1020) region
The decay mode D + s → φ(1020)π + is used often as the normalizing mode for D + s decay branching fractions, typically by selecting a K + K − invariant mass region around the φ(1020) peak. The observation of a significant Swave contribution in the threshold region means that this contribution must be taken into account in such a procedure.
In this section we estimate the P-wave/S-wave ratio in an almost model-independent way. In fact integrating the distributions of
where p is the K + momentum in the K + K − rest frame, and q ′ is the momentum of the bachelor π + in the D + s rest frame. The S-P interference contribution integrates to zero, and we define the P-wave and S-wave fractions as
The experimental mass resolution is estimated by comparing generated and reconstructed MC events, and is ≃ 0.5 MeV/c 2 at the φ mass peak. Table II gives the resulting S-wave and P-wave fractions computed for three K + K − mass regions. The last column of Table II shows the measurements of the relative overall rate ( N Ntot ) defined as the number of events in the K + K − mass interval over the number of events in the entire Dalitz plot after efficiency-correction and background-subtraction. 
1019.456 ± 5 3.5 ± 1.0 96.5 ± 1.0 29.4 ± 0.2 1019.456 ± 10 5.6 ± 0.9 94.4 ± 0.9 35.1 ± 0.2 1019.456 ± 15 7.9 ± 0.9 92.1 ± 0.9 37.8 ± 0.2 B. S-wave parametrization at the
In this section we extract a phenomenological description of the S-wave assuming that it is dominated by the f 0 (980) resonance while the P-wave is described entirely by the φ(1020) resonance. We also assume that no other contribution is present in this limited region of the Dalitz plot. We therefore perform a simultaneous fit of the three distributions shown in Figs. 5(a),(b), and (c) using the following model:
where C φ , C f0(980) , and δ are free parameters and
is the spin 1 relativistic BW parametrizing the φ(1020) with Γ expressed as:
Here q is the momentum of the bachelor π + in the K + K − rest frame. The parameters in Eqs. (15) and (16) are defined in Sec. VI below.
For A f0(980) we first tried a coupled channel BW (Flatté) amplitude [17] . However we find that this parametrization is insensitive to the coupling to the ππ channel. Therefore we empirically parametrize the f 0 (980) with the following function:
where ρ KK = 2p/m, and obtain the following parameter values:
The errors are statistical only. The fit results are superimposed on the data in Fig. 5 . In Fig. 5(c) , the S-P phase difference is plotted twice because of the sign ambiguity associated with the value of φ SP extracted from cos φ SP . We can extract the massdependent f 0 (980) phase by adding the mass-dependent φ(1020) BW phase to the φ SP distributions of Fig. 5(c) . Since the K + K − mass region is significantly above the f 0 (980) central mass value of Eq. (18), we expect that the S-wave phase will be moving much more slowly in this region than in the φ(1020) region. Consequently, we resolve the phase ambiguity of Fig. 5(c) by choosing as the physical solution the one which decreases rapidly in the φ(1020) peak region, since this reflects the rapid forward BW phase motion associated with a narrow resonance. The result is shown in Fig. 5(d) , where we see (Fig. 4(c) ) goes negative or | cos φSP| > 1 and so Eqs. (11) cannot be solved. Quoted uncertainties are statistical only.
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that the S-wave phase is roughly constant, as would be expected for the tail of a resonance. The slight decrease observed with increasing mass might be due to higher mass contributions to the S-wave amplitude. The values of |S| 2 (arbitrary units) and phase values are reported in Table III , together with the corresponding values of |P| 2 . In Fig. 6(a) Intensity (arbitrary units) 
The four distributions are normalized in the region from threshold up to 1.05 GeV/c 2 . We observe substantial agreement. As the a 0 (980) and f 0 (980) mesons couple mainly to the uū/dd and ss systems respectively, the former is favoured in
We conclude that the S-wave projections in the KK system for both resonances are consistent in shape. It has been suggested that this feature supports the hypothesis that the a 0 (980) and f 0 (980) are 4-quark states [20] . We also compare the S-wave profile from this analysis with the π + π − S-wave profile extracted from BABAR data in a Dalitz plot analysis of D (Fig. 6(b) ). The observed agreement supports the argument that only the f 0 (980) is present in this limited mass region.
C. Study of the
We perform a model-independent analysis, similar to that described in the previous sections, to extract the Kπ S-wave behavior as a function of mass in the threshold region up to 1.1 GeV/c 2 . Figure 7 shows the K − π We use Eqs. (11) to solve for |S| and |P|. The result for the S-wave is shown in Fig. 7(d) . We observe a small S-wave contribution which does not allow us to measure the expected phase motion relative to that of the K * (892) 0 resonance. Indeed, the fact that |S| 2 goes negative indicates that a model including only S-and Pwave components is not sufficient to describe the K − π + system.
VI. DALITZ PLOT FORMALISM
An unbinned maximum likelihood fit is performed in which the distribution of events in the Dalitz plot is used to determine the relative amplitudes and phases of intermediate resonant and nonresonant states.
The likelihood function is written as:
where:
• N is the number of events in the signal region;
• f sig is the fraction of signal as a function of the K + K − π + invariant mass, obtained from the fit to the K + K − π + mass spectrum ( Fig. 2(a) );
• η(x, y) is the efficiency, parametrized by a 3 rd order polynomial (Sec. IV); • the A i (x, y) describe the complex signal amplitude contributions;
• the B i (x, y) describe the background probability density function contributions;
• k i is the magnitude of the i-th component for the background. The k i parameters are obtained by fitting the sideband regions;
j (x, y)η(x, y)dxdy and I Bi = B i (x, y)dxdy are normalization integrals. Numerical integration is performed by means of Gaussian quadrature [21] ;
• c i is the complex amplitude of the i-th component for the signal. The c i parameters are allowed to vary during the fit process.
The phase of each amplitude (i.e. the phase of the corresponding c i ) is measured with respect to the K + K * (892) 0 amplitude. Following the method described in Ref. [22] , each amplitude A i (x, y) is represented by the product of a complex BW and a real angular term T depending on the solid angle Ω:
For a D s meson decaying into three pseudo-scalar mesons via an intermediate resonance r (D s → rC, r → AB), BW (M AB ) is written as a relativistic BW:
where Γ AB is a function of the invariant mass of system AB (M AB ), the momentum p AB of either daughter in the AB rest frame, the spin J of the resonance and the mass M r and the width Γ r of the resonance. The explicit expression is:
The form factors F r and F D attempt to model the underlying quark structure of the parent particle and the intermediate resonances. We use the Blatt-Weisskopf penetration factors [23] (Table IV) , that depend on a single parameter R representing the meson "radius". We assume R D for the intermediate resonances; q AB is the momentum of the bachelor C in the AB rest frame:
p r and q r are the values of p AB and q AB when m AB = m r . 
The angular terms T (Ω) are described by the following expressions: where:
Resonances are included in sequence, starting from those immediately visible in the Dalitz plot projections. All allowed resonances from Ref. [10] have been tried, and we reject those with amplitudes consistent with zero.
The goodness of fit is tested by an adaptive binning χ 2 . The efficiency-corrected fractional contribution due to the resonant or nonresonant contribution i is defined as follows:
The f i do not necessarily add to 1 because of interference effects. We also define the interference fit fraction between the resonant or nonresonant contributions k and l as:
Note that f kk = 2f k . The error on each f i and f kl is evaluated by propagating the full covariance matrix obtained from the fit.
A. Background parametrization
To parametrize the D 
where N B is the number of sideband events, the k i parameters are real coefficients floated in the fit, and the B i parameters represent Breit-Wigner functions that are summed incoherently. The Dalitz plot for the two sidebands shows the presence of φ(1020) and K * (892) 0 (Fig. 8 ). There are further structures not clearly associated with known resonances and due to reflections of other final states. Since they do not have definite spin, we parametrize the background using an incoherent sum of S-wave Breit-Wigner shapes.
VII. DALITZ PLOT ANALYSIS OF D
Using the method described in Sec. VI, we perform an unbinned maximum likelihood fit to the D
The fit is performed in steps, by adding resonances one after the other. Most of the masses and widths of the resonances are taken from Ref. [10] . For the f 0 (980) we use the phenomenological model described in Sec. V B. The K * (892) 0 amplitude is chosen as the reference amplitude.
The decay fractions, amplitudes, and relative phase values for the best fit obtained, are summarized in Table V where the first error is statistical, and the second is systematic. The interference fractions are quoted in Table VI where the error is statistical only. We observe the following features.
• The decay is dominated by the K * (892) 0 K + and φ(1020)π + amplitudes.
• The fit quality is substantially improved by leaving the K * (892) 0 parameters free in the fit. The fitted parameters are:
We notice that the width is about 3 MeV lower than that in Ref. [10] . However this measurement is consistent with results from other Dalitz plot analyses [9] .
• The f 0 (1370) contribution is also left free in the fit, and we obtain the following parameter values: • A nonresonant contribution, represented by a constant complex amplitude, was included in the fit function. However this contribution was found to be consistent with zero, and therefore is excluded from the final fit function.
• In a similar way contributions from the K * 1 (1410), f 0 (1500), f 2 (1270), and f ′ 2 (1525) are found to be consistent with zero.
• The replacement of the K * 0 (1430) by the LASS parametrization [24] of the entire Kπ S-wave does not improve the fit quality.
• The fit does not require any contribution from the κ(800) [1] .
The results of the best fit (χ 2 /N DF = 2843/(2305 − 14) = 1.24) are superimposed on the Dalitz plot projections in Fig. 9 . Other recent high statistics charm Dalitz plot analyses at BABAR [25] have shown that a significant contribution to the χ 2 /N DF can arise from imperfections in modelling experimental effects. The normalized fit residuals shown under each distribution (Fig. 9) are given by Pull = (N data −N fit )/ √ N data . The data are well reproduced in all the projections. We observe some disagreement in the K − π + projection below 0.5 GeV 2 /c 4 . It may be due to a poor parametrization of the background in this limited mass region. A systematic uncertainty takes such effects in account (Sec. VII A). The missing of a Kπ S-wave amplitude in the K − π + low mass region may be also the source of such disagreement.
Another way to test the fit quality is to project the fit results onto the Y 0 k moments, shown in Fig. 10 for the K + K − system and Fig. 11 for the K − π + system. We observe that the fit results reproduce the data projections for moments up to k = 7, indicating that the fit describes the details of the Dalitz plot structure very well. We check the consistency of the Dalitz plot results and those of the analysis described in Sec. V B. We compute the amplitude and phase of the f 0 (980)/S-wave relative to the φ(1020)/P-wave and find good agreement. Table V and in other quoted results take into account:
A. Systematic errors

Systematic errors given in
• Variation of the R r and R D • Variation of fixed resonance masses and widths within the ±1σ error range quoted in Ref. [10] .
• Variation of the efficiency parameters within ±1σ uncertainty.
• Variation of the purity parameters within ±1σ uncertainty. Table V . The offdiagonal elements give the fit fractions of the interference f kl . The null values originate from the fact that any S-P interference contribution integrates to zero. Quoted uncertainties are statitistical only. • Fits performed with the use of the lower/upper sideband only to parametrize the background.
• Results from fits with alternative sets of signal amplitude contributions that give equivalent Dalitz plot descriptions and similar sums of fractions.
• Fits performed on a sample of 100, 000 events selected by applying a looser likelihood-ratio criterion but selecting a narrower (±1σ D + s ) signal region. For this sample the purity is roughly the same as for the nominal sample (≃ 94.9%). Table VII shows a comparison of the Dalitz plot fit fractions, shown in Table V , with the results of the analyses performed by the E687 [8] and CLEO [9] collaborations. The E687 model is improved by adding a f 0 (1370) amplitude and leaving the K * (892) 0 parameters free in the fit. We find that the K * (892) 0 width (Eq. 30) is about 3 MeV lower than that in Ref. [10] . This result is consistent with the width measured by CLEO-c collaboration (Γ K * (892) 0 = 45.7 ± 1.1 MeV).
B. Comparison between Dalitz plot analyses of D
What is new in this analysis is the parametrization of the K + K − S-wave at the K + K − threshold. While E687 and CLEO-c used a coupled channel BW (Flatté) amplitude [17] to parametrize the f 0 (980) resonance, we use the model independent parametrization described in Section V B. This approach overcomes the uncertainties that affect the coupling constants g ππ and g KK of the f 0 (980), and any argument about the presence of an a(980) meson decaying to K + K − . The model, described in this paper, returns a more accurate description of the event distribution on the Dalitz plot (χ 2 /ν = 1.2) and smaller f 0 (980) and total fit fractions respect to the CLEO-c result. In addition the goodness of fit in this analysis is tested by an adaptive binning χ 2 , a tool more suitable when most of the events are gathered in a limited region of the Dalitz plot.
Finally we observe that the phase of the φ(1020) amplitude (166
is consistent with the E687 result (178
• ) but is roughly shifted by 180
• respect to the CLEO-c result (−8
In this section we measure the branching ratio of the SCS decay channel (2) and of the DCS decay channel (3) with respect to the CF decay channel (1). The two channels are reconstructed using the method described in Sec. III with some differences related to the particle identification of the D + s daughters. For channel (2) we require the identification of three charged kaons while for channel (3) we require the identification of one pion and two kaons having the same charge. We use both the D * + s identification and the likelihood-ratio to enhance signal with respect to background as described in Sec. III. The ratios of branching fractions are computed as:
and
(33) Here the N values represent the number of signal events for each channel, and the ǫ values indicate the corresponding detection efficiencies.
To compute these efficiencies, we generate signal MC samples having uniform distributions across the Dalitz plots. These MC events are reconstructed as for data events, and the same particle-identification criteria are applied. Each track is weighted by the data-MC discrepancy in particle identification efficiency obtained independently from high statistics control samples. A sys- tematic uncertainty is assigned to the use of this weight. The generated and reconstructed Dalitz plots are divided into 50 × 50 cells and the Dalitz plot efficiency is obtained as the ratio of reconstructed to generated content of each cell. In this way the efficiency for each event depends on its location on the Dalitz plot. By varying the likelihood-ratio criterion, the sensitivity S of D
, where s and b indicate signal and background. To reduce systematic uncertainties, we then apply the same likelihood-ratio criterion to the D
We then repeat this procedure to find an independently optimized selection criterion for the D
The branching ratio measurements are validated using a fully inclusive e + e − → cc MC simulation incorporating all known charmed meson decay modes. The MC events are subjected to the same reconstruction, event selection, and analysis procedures as for the data. The results are found to be consistent, within statistical uncertainty, with the branching fraction values used in the MC generation. Fig. 12(a) . The D + s yield is obtained by fitting the mass spectrum using a Gaussian function for the signal, and a linear function for the background. The resulting yield is reported in Table I .
A. Study of D
The systematic uncertainties are summarized in Table VIII and are evaluated as follows:
• The effect of MC statistics is evaluated by randomizing each efficiency cell on the Dalitz plot according to its statistical uncertainty.
• The selection made on the D * + s candidate ∆m is varied to ±2.5σ D * + s and ±1.5σ D * + s .
• For particle identification we make use of high statistics control samples to assign 1% uncertainty to each kaon and 0.5% to each pion.
• The effect of the likelihood-ratio criterion is studied by measuring the branching ratio for different choices. We measure the following branching ratio: Fig. 12(b) . It shows two bands due to the φ(1020) and no other structure, indicating a large contribution via D 
K
+ K − system in the D + s rest frame. We observe the mass dependence characteristic of interference between S-and P-wave amplitudes, and conclude that there is a contribution from D + s → f 0 (980)K + decay, although its branching fraction cannot be determined in the present analysis.
An estimate of the φ(1020)K + fraction can be obtained from a fit to the K + K − mass distribution (Fig. 12(c) ). The mass spectrum is fitted using a relativistic BW for the φ(1020) signal, and a second order polynomial for the background. We obtain: The systematic uncertainty includes the contribution due to ∆m and the likelihood-ratio criteria, the fit model, and the background parametrization. = (2.29 ± 0.28 ± 0.12) × 10 −3 [11] . Table IX lists the results of the systematic studies performed for this measurement; these are similar to those used in Sec. VIII A. The particle identification systematic is not taken in account because the final states differ only in the charge assignments of the daughter tracks. The symmetrized Dalitz plot for the signal region, corrected for efficiency and background-subtracted, is shown in Fig. 13(b) . We observe the presence of a significant K * (892) 0 signal, which is more evident in the K + π − mass distribution, shown in Fig. 13(c) . Fitting this distribution using a relativistic P-wave BW signal function and a threshold function, we obtain the following fraction for this contribution.
B(D
B(D Systematic uncertainty contributions include those from ∆m and the likelihood-ratio criteria, the fitting model, and the background parametrization. The symmetrized Dalitz plot shows also an excess of events at low K + K + mass, which may be due to a BoseEinstein correlation effect [26] . We remark, however, that this effect is not visible in D (Fig. 12(b) ).
